The accuracy of moment-based boundary conditions for no slip walls in lattice Boltzmann simulations is examined numerically by using the dipole-wall collision benchmark test for both normal and oblique cases. In the normal case the dipole hits the wall perpendicularly while in the oblique case the dipole hits the wall at an angle of 30
Introduction
Vortex dipole-wall collision in two dimensional flows is an important problem that has been the subject of numer-10 ous recent studies. In this flow two counter rotating vortices are propelled towards a solid boundary with which they collide. Interactions between dipoles and frictional boundaries are found in a lot of natural phenomena. For example, the effect of the ground on the formulation of the secondary vortices when an aeroplane takes off or lands is one of these problems [1] . Another phenomena is the formulation of the large scale vortices in geographical turbulence in the edges of coastal and oceans like the Black Sea [2] . Many laboratory experiments and numerical approximation 15 methods have been used to study the monopole (one vortex) and the dipole (two vortex) flow. Orlandi [1] is one of the earliest researchers to study the wall dipole collision numerically and the effect of the flat solid walls on the rotating vortex. Coutsias and Lynove [3] employed Fourier-Chebyshev expansions with a spectral scheme to study the creation of the vortices from the interaction between the no slip walls and the dipole in a periodic channel. Clercx 
and Heijst
Email addresses: seemaa.mohammed@plymouth.ac.uk (Seemaa Mohammed), D.Graham@plymouth.ac.uk (David Graham), T.Reis@Greenwich.ac.uk (Tim Reis) [4] used a Chebyshev pseudospectral method to analyse the dipole-wall collision where the initial trajectory of the dipole is set perpendicularly to the wall then rotate at an angle of 30
• towards one of the no slip walls in a square box. The authors investigated the dissipation of the energy and how it is related to the growth of the enstrophy in a bounded domain. Clercx and Bruneau [5] gave detailed results of two numerical methods, a finite difference method and a pseudospectral Chebyshev method, to simulate normal and oblique dipole-wall collision in a box. The authors presented authoritative data that can be used as benchmark numerical results. They presented the minimum grid reso- 25 lutions required by their method to simulate this type of flow accurately. However, presumably due to computational limitations, the maximum Reynolds number achieved in [5] is 5000. Later, Wells et al. [6] carried out laboratory and numerical investigations where small scale vorticity in quasi two dimensional square domain was created within the lateral no slip walls. They explained how the collision between the vortex and the wall created a secondary vortex from boundary layer decay. Kramer [7] in his thesis describes the mechanism of the trajectory for normal dipole wall 30 collisions at high Reynolds numbers by using Chebyshev-τ spectral methods. He gave more details about the small high amplitude vortices that formed from the boundary layer as a result of the collision between the dipole and the boundary. Cieślik et al. [8] examined experimentally the interaction between a dipole in a shallow fluid and a side wall in two dimensional simulations then they made a comparison between results of the experiment and three dimension numerical simulation. Using a finite element method, Guzmán et al. The lattice Boltzmann method (LBM) was originally developed to overcome some of the drawbacks of the lattice gas cellular automaton (LGCA). It has since been derived from a velocity-space truncation and discrtisation of the Boltzmann equation [11, 12, 13, 14, 15, 16] . The Bhatnagar-Gross-Krook collision operator (BGK-LBM) with single relaxation time τ is the most widely used and popular model [17, 18, 19] . Despite the popularity of the BGK-LBM, it to discretise the non-linear convection term in the Navier-Stokes equations. Also, the pressure in LBMs come from 55 an equation of state so a Poisson solver is not required. Lattice Boltzmann methods can also incorporate boundary conditions with relative ease. For simple and complex geometries different types of boundary conditions for LBM in many applications have been utilised. The simplest and most common method to apply the no slip boundary condition is "bounce-back". Here, the particles that hit the wall reverse their direction, ready to propagate back to the grid point they came from [29, 15] . Although often efficient and accurate, bounce-back introduces an additional error into 60 the numerical method; a purely artificial slip. This error term is viscosity-dependent and second order in space if the boundary is placed halfway between grid points, and first order otherwise [16, 30] . Furthermore, Ginzburg and d 'Humiereśs [31] presented a general framework for a family of bounce-back methods.
There have been many alternatives and modifications to the most typical LBM boundary condition implementations. Zou and He [32] introduced a "non-equilibrium" bounce back method that eliminates the slip error, but the 65 closure to find the unknowns at the wall is somewhat arbitrary and not immediately extendable to neither larger lattices nor more complicated boundary constraints. Filippova and Hänel [33] consider local grid refinement boundary conditions to deal with curved geometries. Although very useful, this method becomes unstable when the relaxation time is unity. Dupuis and Chopard [34] removed this singularity by taking into account the non equilibrium part of the distribution functions. Bouzidi et al.
[35] introduced their interpolation scheme for boundary conditions as a 70 generalisation of the bounce back method with linear or quadratic interpolation for flows in complex geometries. Yu et al. [36] proposed a second order unified scheme to treat the curved solid boundaries which has since been extended by Zhao and Yong [37] . Another popular approach to imposing boundary constraints on the lattice Boltzmann algorithm, especially for particle-laden flows is the immersed boundary method, which guarantees the velocity conditions by adding an artificial force term to the momentum equation -see, for example, [38] . On the other hand, a different 75 methodology has been used to find the unknown distribution functions at a boundary node, one that is based on the hydrodynamic moments of the LBM. Noble et al. [39] used the hydrodynamic moments to apply no-slip boundary conditions for the 6-point FHP lattice. solid boundary by a set of Lagrangian marks and utilises a second order interpolation, but requires matrix inversions and, like non-equilibrium bounce-back [32] , is based on an arbitrary closure. Schlaffer [43] proposed a method to eliminate spurious pressure waves reflecting from the boundaries. Excellent agreement with benchmark results was obtained but additional filtering is needed to achieve the desired goal. There have also been many attempts to impose slip conditions in the LBM -a review of these can be found in [44] . Bennett [45] are important in assessing its credentials and its potential, including its extension to three dimensions and flows with different boundary conditions.
In this paper we perform a detailed assessment of moment-based boundary conditions for the lattice Boltzmann equation and use them to numerically study the wall-dipole collision flow. We use a TRT model with a new boundary implementation and study the cases when the the dipoles travel towards the wall normally and an angle. A thorough 100 assessment and comparison with benchmark data is performed, and an investigation at Reynolds numbers higher than previously reported is conducted. This sheds light on the physics on the wall-dipole collision flows in these regimes.
We also simulate the flows using half-way bounce-back boundary conditions and show that the results obtained with the moment-based method are in closer agreement that bounce-back to results obtained using a spectral method The remainder of the article is organised as follows. In Section 2 we will explain briefly the discrete Boltzmann equation
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and its use for numerically solving the Navier-Stokes equations. We derive the fully discrete algorithm in Section 3 and the TRT-LBM is discussed in Section 4. The moment-based boundary conditions are introduced in Section 5 and the numerical experiments and discussed in Section 6. Concluding remarks are made in Section 7.
The discrete Boltzmann equation
In this section we will present briefly the D2Q9 model (see Figure 1) for the discrete velocity Boltzmann equation (DBE), which can be written as
The left hand side of equation (1) represents the advection of the particle distribution functions f k with particle The equilibrium functions can be obtained from the Maxwell Boltzmann distribution [17] and are given by
where u is the macroscopic velocity, ρ is the fluid density, and c 
and the discrete lattice velocities ξ ξ ξ k are
, sin The nine discrete velocity moments of the D2Q9 model include hydrodynamic and non-hydrodynamic moments.
The 6 hydrodynamic moments are the density ρ, momentum ρu α and momentum flux Π αβ :
where α and β are the Cartesian components of a vector or tensor. The 3 remaining non-hydrodynamic moments (or the "ghost moments") are
Taking the first three moment of equation (1) yields the three moment equations
where the equilibrium momentum flux tensor can be found from equation (2):
The moments Π and Q are not conserved in the above system of partial differential equations. Following classical kinetic theory we find the relationship between equation (1) and the Navier-Stokes equations using the ChapmanEnskog expansion. That is, we expand the time derivative and non-conserved moments as follows,
Applying the expansions to equations (7)-(9) and truncating at order O(τ ) allows us to find the first correction to the 115 momentum flux,
where M a = u/c s is the Mach number. Thus it can be shown that to first order in τ the expansion yields the weakly compressible Navier-Stokes equations
where ν = τ c 2 s is the kinematic viscosity and P = ρc 2 s is the pressure.
The lattice Boltzmann equation
To obtain a fully discrete lattice Boltzmann equation we integrate both sides of equation (1) along a characteristic for time:
where M k is the collision term of DBE. The integration of the left hand side of equation (1) is found exactly while the trapezoidal rule can be used to approximate the right hand side:
This is an implicit second order system of equations which is difficult to solve. To obtain an explicit scheme, He et al.
[49] defined the transformed functions
Inserting equation (19) into equation (18) yields the lattice Boltzmann equation in terms of the new variable f k :
The conserved moments can be found directly from equation (19)
but the non conserved momentum flux is calculated from
Two relaxation time model
The two relaxation time (TRT) model is a special case of the of multiple relaxation time (MRT) model [22, 23, MRT collision operator [26, 27, 15] . TRT models can also correct the numerical slip error associated with bounce back boundary conditions but here it is set according to stability requirements alone.
The TRT-DBE relaxes the odd and even order moments at different rates, where odd and even refer to the number of ξ ξ ξ k in the moment. This can be written mathematically as [27] 
where τ + is the relaxation time for even order moments and τ − is the relaxation rate for the odd order moments.
Alsok is the opposite direction to k such that ξ ξ ξk = −ξ ξ ξ k . The equilibrium function is split into its even and odd
The even relaxation time is usually set by the Reynolds number of the flow and τ − is then set according to a judiciously chosen value of the 'magic parameter '
Here we use Λ = 1/4 because it is known that this choice eliminates the recurrence in non-conserved moments and thus stabilises the algorithm [51, 28] .
The PDE (24) can be discretised in a similar way to the BGK equation (17) to obtain
The BGK LBM is removed from equation (25) when τ + = τ − .
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Moment-based boundary conditions
Moment-based boundary conditions can be considered to be a general methodology for imposing hydrodynamic conditions precisely at grid points in the LBM. After the streaming step of the lattice Boltzmann algorithm, the D2Q9 nodes at planar boundaries aligned with grid points have three incoming distribution functions (pointing into the fluid) that need to be determined. In brief, the moment-based method states that these distribution functions can be found by imposing constraints upon three linearly independent moments at the boundary. To understand the method, let's take a stationary, no-slip, wall at the south of the domain as an example. Here, the three unknown
(see Figure 2 ). These three unknown functions appear in the moments in one of three different linear combinations, as shown in Table 1 . Moments in different rows are linearly independent. Therefore we should impose a constraint (a boundary condition) on one moment from each row in Table 1 , and then solve for the unknown f k . Since we are interested in numerically solving the Navier-Stokes equations, it seems sensible to choose the hydrodynamic moments instead of the higher order ones that do not appear in these equations of motion. For the no slip condition we will set u x = u y = 0, and the tangential derivative ∂ x u x = 0. Thus from Table 1 we will pick ρu y from the first row, ρu x
Moments
Combination of unknowns at south boundary ρ, ρu y , Π yy from the second one and for the last equation we will use Π xx and impose upon them
Since
xx (by Chapman-Enskog -see Section 2), the condition on the momentum flux says that
by the no slip condition). That is, the zero tangential derivative condition is imposed by setting Π (14)). Solving these equations yields
where the density in the wall is found from the known f k and the moment ρu y : The nodes at the corners need further attention since they have five unknown distribution functions, see Figure 3 .
We impose the conditions of the two adjoining walls simultaneously to give the four conditions ρu x , ρu y , Π xx and Π yy . The fifth moment is the zero shear stress tensor Π xy . For example, the five unknown functions at the south east boundary be
Again, the density at this corner is calculated from the above known functions as 
Dipole-wall collision
The flow under study is two counter-rotating vortices confined to a square box of size 1] with no slip boundary conditions on the walls. The initial vortex is located in the centre at positions (x 1 , y 1 ) and (x 2 , y 2 ). The initial velocities are where
1 is the radius of the monopoles, and w e the the strength of the vorticies.
To test our results the total kinetic energy, E(t), and also the total enstrophy, Ω(t), are calculated
where ω = ∂ x u y − ∂ y u x is the vorticity.
In accordance with the current literature and to allow for consistent comparisons, the initial energy is specified as E = 2 which is achieved if the strength of the monopole is fixed to be 299.56. We consider two different problems:
one where a dipole collides perpendicular with a solid wall and another where the collision is at an oblique angle.
The TRT-LBM is used by fixing the parameter Λ = τ + τ − = 1/4. In our simulations we used a range of Reynolds numbers (Re) from 625 to 10000 for the normal case and 625 to 7500 for the oblique one. Different grid resolutions N lb were employed to test the convergence of the method by monitoring the energy and enstrophy, and the angular momentum in the oblique case only. We consider the results to be convergent when
where E(N lb ) is the energy evaluated at t = 2, E(N lbmax ) is the energy at the maximum resolution and E(initial)
is the initial value for the kinetic energy.
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For both normal and oblique wall collisions, higher Reynolds number simulations require higher resolutions for convergence. So in Table 2 we include the minimum resolution required by our algorithm to obtain converged solutions.
Normal dipole wall collision
In this case the two monopoles were located at positions (x 1 , y 1 ) = (0, 0.1) and (x 2 , y 2 ) = (0, −0.1), from where 145 they propel themselves towards the east wall directly. In this section we include the results of LBM at Re=625 to Re=5000 and compare them with the results in [5] and [10] . to the east wall a thin sheet boundary layer appeared as a result of the variance of the velocity and created other weak vortices. Note that the key for the vortices plot in this figure is similar for all vortices plots in this paper. Figure 4 : Vorticity contours of normal dipole wall collision at Re=2500.
In Figure 5 we plot the total kinetic energy E(t) and the total enstrophy Ω(t) for Re = 2500 at different grid resolutions, which demonstrates convergence for N LB = 1025. The kinetic energy begins from the initial value E(0) = 2 then decreases sharply at t ≈ 0.33. This sharp dissipation in the energy is due to the first dipole collision with the no slip wall which corresponds to an increase in the enstrophy at the same time. At the second dipole-wall collision, t ≈ 0.61, the dissipation of the energy again increases and synchronizes with the second small peak in the In Table 3 the first and second local maxima of the enstrophy Ω(t) as predicted by the TRT-LBM are shown together with the times they appear (denoted t 1 and t 2 , respectively). By looking at the results in reference [10] we can see that the value of the first enstrophy peak is close to our result at Re = 625 where the first enstrophy peak in this reference is Ω 1 = 933.8 at t = 0.371. Also we compare our results with those obtained from a finite difference 170 method (FDM) and of the pseudospectral Chebyshev method (SM) in reference [5] . Flows at different Reynolds numbers are simulated and we have used the same number of grid points as the finite difference method to give a correct comparison between the present work and the work of [5] . Therefore, the resolutions are used here as follows: Re = 625 (N lb = 1025), Re = 1250 (N lb = 1537), Re = 2500 (N lb = 2049) and Re = 5000 (N lb = 3073). Table 3 : First and second maximum enstrophy Ω(t) of the dipole by using TRT-LBM. The results are compared with FDM and SM of [5] .
The first and second peaks of the enstrophy at the boundary are attributed to a large formulation of the vorticity
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in the boundary layer. In Figure 6 we plot the vorticity profiles at the boundary x = 1 and −0.6 ≤ y ≤ 0 at times t = 0.4, 0.6, 1 for Re = 625, 1250 and 2500 and we used the same number of resolutions as [5] . The results of the vorticity in our work are in excellent agreement with the results in (Fig. 5 ) of reference [5] . The vortices at the boundary shows the expected behaviour: the vorticity keeps increasing as Reynolds number increases. We can notice that maximum vorticity for Re = 625 is highest at t = 0.4, soon after the first dipole/wall collision. At Re = 1250 180 and 2500 the the maximum vorticity is highest at t = 0.6, around the time of the second collision. To show the effect of the viscosity on the vortices after the dipole collides with the no slip boundary, vorticity profile at t = 1 are computed. In Figure 7 , these vortices are plotted for different Reynolds numbers. We observed the same phenomena as [5] . We can see from these figures that the flow is symmetric for all Reynolds numbers but the behaviour is different in each snapshot. For Re = 2500 we observe the 'rolling mill' effect as a recently-created The maximum values of the primary vortex ω max and its position (x, y) are inserted in Table 4 . The results are compared with the two methods in [5] , the finite difference method and the pseudospectral Chebyshev method. The number of grid points used is the same as those with finite difference method. In our simulations we observed the 190 results of ω max at different times t = 0.6, 0.625, 1 and t = 1.4. We can see that the ω max increases with Reynolds number. For each Reynolds number the maximum vorticity decreases in time. The maximum vorticity and its location in our simulations are close to the predictions made by other methods. It should be noted that the vorticity is a primary variable in the formulation of the pseudospectral Chebyshev method in [5] while here it is obtained indirectly by numerically differentiating the predicted velocity field. In addition, in Table 5 we present LBM results for the kinetic 195 energy and enstrophy between and after the first and second dipole wall collision and compare them with those in [5] .
current work Table 4 : The maximum vorticity ωmax in a normal wall-dipole collision and its location at t = 0.6, 0.625, 1, 1.4.
Clercx and Bruneau
For further investigation and assessment of moment-based conditions we use the TRT LBM with half-way bounceback boundary conditions for comparison. There results are shown in Table 5 and Table 6 . We see that the results computed using bounce-back and moment-based conditions are in good agreement. The data set obtained by using moment-based boundary conditions appears to be more accurate than the data set obtained by using bounce-back in 200 the sense that it is closer agreement with the data set obtained by spectral simulations. This shows that the proposed approach can be a competitive method and gives us confidence to use it to impose physically more complex conditions.
Lattice Boltzmann method
Clercx and Bruneau Table 6 : First and second maximum enstrophy Ω(t) of the dipole by using TRT-LBM and BB method. The results are compared with FDM and SM of [5] .
Higher Reynolds numbers
In this section we investigate the behaviour of the flow for Re = 7500 and 10000, (see Figure 8 ). For these higher Reynolds number the results are converged until t = 0.6 then begin to diverge significantly. In our simulations,
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the maximum resolution possible is a grid size of around 4000 × 4000. To gauge whether or not this is sufficient, we follow [5] and insist upon having 5 points in the viscous wall boundary layer and estimate the boundary layer thickness as δ ≈ 1/(4 √ Re). For Re = 10000, this gives N lb ≈ 4000 and here we use N lb = 4097 and we use this grid size for both Re = 10000 and Re = 7500. As for lower Reynolds numbers before t = 0.6 there are two rapid declines in energy after the first and second wall collisions. Again these correspond with the first and second higher 210 peaks of the enstrophy. To test the dissipation of the energy at different Reynolds numbers we traced the energy at the time t = 2 and different Reynolds numbers. We can notice from Table 7 the energy decreases faster with smaller Reynolds number than the larger ones. To make sure this observation is correct we can see the values of E(t) at different time steps in Table 5 . The resolutions used are the same as in Tables 4 and 5 .
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Re 625 1250 2500 5000 7500 10000 E(2) 0.305 0.518 0.841 1.108 1.285 1.359 Table 7 : The kinetic energy at t = 2.
In Figure 9 we made a comparison between high Reynolds number and small Reynolds number, Re = 10000 and Re = 625 as an example. We observed that the number of vortices increases with Reynolds number and the affect of the boundary at the rebound of the dipole makes the number of dipoles at Re = 10000 higher than at Re = 625.
In fact, from Figure 7 (a) and Figure 9 (a) we can notice that the vortices for Re = 625 decrease in strength as time increases. At Re = 10000 the space between the upper and lower cores is larger than at the smaller Reynolds number. As a result of the increased activity at higher Reynolds numbers, there are more enstrophy peaks than at smaller
Reynolds numbers. This is owing to the increase in the number of wall-vortex collisions. In Table 8 we show the first three maxima in the enstrophy for Reynolds 7500 and 10000. We can notice from Tables 3 and 8 that the ratio between the first and second enstrophy peaks increases with the Reynolds numbers until flattening off after Re = 5000.
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For higher Reynolds numbers, third high strength vortices are observed which are created from the wall boundary layer around t = 0.45. In Figure 10 the upper dipole is plotted (since it is symmetric with the negative ones). These vortices appear in small circles inside the boundary vortex thin sheet for Re=2500 then they become clear at Re=5000.
For Re=7500 these vortices move far from the wall then separate from the sheet at the boundary. For Re=10000 a fourth vortex is formed which emerges with the tertiary one, Figure 10 (c). We computed the maximum vorticity at different times after the second collision but we found qualitatively different behaviour to the flows at smaller Reynolds numbers. For example Table 9 , at Re= 7500 we noticed that ω max at t = 0.6 is equal to 292.7 then at t = 1 increased to 497.4 before decreasing again. This is similar to the behaviour of ω max at Re = 10000. This behaviour differs from that of ω max in Table 4 . This is due to the formulation of the secondary dipole at the wall after the second collision, as shown in Figure 10 . For smaller Reynolds numbers this dipole 235 moves towards the wall then merges with the primary vortices. At higher Reynolds numbers, the secondary dipole moves towards the boundary and rotates after the collision. This then creates tertiary and fourth vortices through interaction with the wall. Figure 11 shows the generated vortices before, (a, b, c), and after, (d, e, f), merging with the primary vortices. The behaviour of creating the strong vortices at the boundary is observed also in [7] . Table 9 : The maximum vorticity ωmax in a normal wall-dipole collision at Re = 7500 and 10000, and its location at t = 0.6, 0.625, 1, 1.4. In Figure 12 we calculate the relative error for Re = 625 with respect to the results with the finest resolution, which in our case is N lb = 3073. The L 2 −error is computed as |φ(
where φ is the total kinetic energy or total enstrophy. The convergence of this method is shown to be of second order. 
Oblique dipole wall collision
We now consider the case of releasing the dipole at an oblique angle and again compare our results with benchmark 245 data. Here, the dipole rolls from the location (x 1 , y 1 ) = (0.0839, 0.0866) and (x 2 , y 2 ) = (0.1839, −0.0866) towards the no slip wall at x = 1 at an angle of 30
• to the horizon. Similar to the previous section, we calculate the total enstrophy and total kinetic energy, from equations (33) and (32), at different Reynolds numbers and with various grid resolutions.
Vorticity contours are illustrated in Figure 13 to show the evolution of the dipole at Re=7500 (N lb = 3073) . From 250 the figures we can see the behaviour of dipole after the second collision, at t = 0.6, is more vigorous and complex than the normal case. Because of the angle of releasing the dipole towards the wall, the positive and negative monopoles are not symmetric after the first collision with the boundary. Also, as time progresses the primary and secondary vortices move to the upper wall at y = 1. The two rings that surrounded the dipole at the initial time separate from it and move in the opposite direction. After a while the two horseshoe shape vortices create a new, weaker, dipole that 255 interacts with the left corner, which again induces weaker vortices, (see Figure 13 (e)) . at N lb = 1025. We note that the energy decays rapidly between 0.32 < t < 0.4 which is associated with the first peak of the enstrophy. The dissipation of total kinetic energy is less than the dissipation for Re = 2500 in the normal case, see Figure 5 . At higher Reynolds numbers, for example 7500, the energy dissipation decreases to less than 260 Re = 2500. The first peak of the enstrophy is higher than for Re = 2500 and we can see that the number of peaks increases. Moreover, the additional peaks for high Reynolds numbers less smooth, due to the increase in the number of collisions of additionally created dipoles with the no-slip wall, see Figure 15 . Table 10 shows the computed energy at various times for a range of Reynolds numbers. Clearly the energy consistently decreases less quickly at higher Reynolds number than at lower ones. The behaviour of the dipole after colliding with the wall for the oblique case is different from the behaviour of the normal case since the symmetry of the dipole will be broken after the collision, as we will see later. So in this problem we will use another important quantity to test the accuracy of the method which is the total angular momentum. The angular momentum of the flow defined with respect to the centre of the square box is:
In [5] , the angular momentum convergence was a sensitive issue. Here, we examined the convergence of the results for angular momentum at different grid resolutions. As a result, we found that the behaviour of the angular momentum matches the results in [5] . For example, Figure 16 shows Table 11 shows Ω(t) at the first and second dipole collision with the east wall at x = 1. We compare our results with data obtained from the finite difference method and the pseudospectral Chebyshev method reported in [5] at different Reynolds numbers. Here we have used the same number of grid points as the finite difference method. The 275 results are in very good agreement with those presented in [5] . Similar to the normal case we applied the half-way bounce-back with TRT-LBM for the purpose of comparison with moment-based conditions. These results are given in Table 12 where we once again see that moment-based approach predicts results in better agreement with spectral simulations than bounce-back. The vorticity ω at the boundary x = 1 and −0.5 ≤ y ≤ 1 is plotted in Figure 17 . In this figure we show the 280 behaviour of the vorticity at different times, including after the first and second collision with the right wall. The data obtained at Re = 625, 1250, 2500 and 7500 at time t = 0.4, 0.6 and 1. To make a comparison between our results and [5] we used the same resolutions as finite difference method in that reference. From the figure we note, as from [5] , that the behaviour of the vorticity at the boundary in the oblique dipole wall collision is more complex than the normal collision case. Similar to the normal case, at Re = 625 the maximum vorticity at the wall is highest at t=0.4 whilst 285 at higher Reynolds numbers it is greatest at t = 0.6. Also, in each case the highest maximum vorticity is roughly equal in magnitude to the lowest minimum vorticity, as would be the case for the normal collision. Furthermore, additional local maxima appear at later times for higher Re, probably associated with more complex flow patterns due to enhanced vortex creation . After t = 0.45 small third vortices start to form from the thin filament sheet that is induced at the boundary for
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Re= 5000 and 7500. Then as time progresses a fourth vortex appears at the positive monopole, Figure 18 (a, b, c).
After t = 0.6 the top two vortices banded with others near the top corner and merge with the primary vortex, see Figure 18 (d, e, f). At smaller Reynolds numbers these vortices are not present at the positive side of the sheet but we can see them clearly on the negative side. We should mention that these small vortices have the same higher amplitude as the primary dipole. In Tables 13 and 14 we pick out the maximum and minimum vorticity and the location of these extrema. These data shown for various Reynolds numbers at different times. We can see in general that the strength of the maximum vortices at each Reynolds number gradually decrease between t = 0.6 and t = 1.8. However, for Re = 7500 small but intense vortices are formed near the top right corner as the dipole interacts with the corner. These small vortices 305 have a significant impact on the results, causing fluctuations in the maximum vorticity until t = 1.4.
current work
Clercx and Bruneau To test the convergence of the oblique dipole wall collision, we calculate the L2-error for the vorticity and the energy at two times. The relative error when Re = 625 is computed with respect to the results with the finest resolution, in our case is N lb = 3073. The L2-error are defined as
Since the behaviour of the dipole change by the dipole colliding with the wall, we attempted to calculate the error at different times. In Figure 20 we plot the errors E(t) and ω at t = 0.3 and t = 0.5 for different resolutions where the second order error are shown for TRT-LBM as expected. 
Conclusion
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In this work we performed a detailed numerical study of moment-based boundary conditions for lattice Boltzmann simulations with no-slip walls. This method imposed boundary conditions on the hydrodynamic moments and then translated these into conditions for the unknown distribution functions f k of the LBE at the walls. We have shown that the LBM supplemented with moment based boundary conditions is an accurate numerical method that is competitive compared with other flow solvers. Simultaneously, we studied the physics of the dipole when it hit the no slip wall at 315 different Reynolds numbers. For normal and oblique wall collision, the convergence of the total enstrophy and energy were investigated and the convergence of the total angular momentum was also tested for the oblique case.
At the beginning of this flow, the primary monopoles are released from the two semi circular vortices which propelled towards the right wall. The surrounding shields moved to the opposite direction to create a weaker dipole that hits the left wall to create additional weak vortices. These vortices have no significant impact on the behaviour 320 of the flow. The interaction of the primary dipole with the no slip right wall created and induced a secondary dipole which interacted with the other vortices on the boundary. After the first collision with the wall the symmetry between the two monopoles remained in the normal case while it was broken in the oblique case. For both cases, The energy dissipation rate in general decreased when the Reynolds number increased. As the Reynolds number increased, the ratio between the first and second maximum enstrophy increased.
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To increase our understanding of dipole wall collisions further we investigated the behaviour of the vortices at the boundary at different times. In the normal case, small and high value vortices were created at the wall that merged with the primary vortex at higher Reynolds numbers. For the oblique case, third and fourth small monopoles were created from the boundary layer wall and become more obvious as the Reynolds number increased. Moreover, for both cases we showed the behaviour of the vortices at x = 1 for different times and Reynolds numbers and we found that the ω(t) at Reynolds higher than 625 have increased extra after the second dipole wall collision. Moreover, the maximum vorticity was decreased with respect with time except for higher Reynolds number which found a variations in the results for oblique case.
In summary, the moment-based boundary conditions can impose the hydrodynamic no-slip condition at grid points precisely without needing ad-hoc closure approximations or constraints on non-hydrodynamic moments. It should be 335 noted that the methodology is quite general for on-grid constraints. One may impose the physical condition required on the necessary moments, provided the moments are independent [45, 44, 47] . This is of use to many single and multiphase flows. Its shortcoming, at present, is geometric flexibility. The methodology may be extended to higher dimensional lattices, and this discussion is reserved for a future publication [52] . The suitability of the methodology to complex geometries is yet to be seen. In principle, it can be used in combination with interpolation techniques 340 although it is suspected that this will become expensive and laborious for highly irregular geometries. Thus we argue not that one method for imposing boundary conditions on LBM algorithms is necessarily and universally superior to
another, but that bounce-back and moment-based conditions are best suited in different niches.
The method presented here has been shown to compute solutions that are in very good agreement with benchmark data, including results obtained from spectral method simulations. The LBM with moment based boundary conditions 345 is second order accurate, as verified by our convergence studies, and the model discussed here successfully predicted the complex flow in the vicinity of the corners. This increases our confidence in the application of the LBM with moment-based boundary conditions to flows in confined but regular geometries.
